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 a b s t r a c t

We propose the Taubin-Weingarten algorithm to compute second-order geometric features in 3D 
point clouds. This method is well-suited for working with large-scale 3D datasets due to its embar-
rassingly parallel nature. The speedup of our open-source C++ implementation is systematically 
above 30 for a high-performance CPU with 32 cores. It provides reliable estimates for standard 
quantifications in differential geometry, such as the Gaussian and mean curvatures of a surface, 
when compared to other approaches. Additionally, it achieves improvements of between 1.6%
and 10% in F1-score compared to the standard first-order approach in point-wise classification 
tasks, such as object part segmentation and large-scale semantic scene segmentation. The results 
demonstrate that the Taubin-Weingarten algorithm is both efficient and robust, enabling consis-
tent improvements in machine learning performance across various tasks.

1.  Introduction and context

Three-dimensional point clouds are used in a wide variety of applications in science, engineering, and humanities [1]. The dif-
ferent point cloud processing tasks that arise in these contexts are often governed by the finding of spatial neighborhoods and the 
computation of geometric features, with the latter being the object of this work.

1.1.  Applications

For example, airborne laser scanning (ALS) point clouds are used for above-ground biomass (AGB) estimation in forests [2]. They 
are also used for automatic forest inventory through semantic and instance segmentation followed by characterization of individual 
trees in terms of height, diameter and volume of the crown, diameter at breast height (DBH), and georeferenced position [3]. When 
ALS point clouds are extended with terrestrial laser scanning (TLS) data, they can be used to achieve high-quality estimations of 
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tree canopy volume [4]. In precision agriculture, 3D point clouds enable the automatic spraying of orchards with robots [5]. For 
social sciences and humanities, some example applications are the generation of Building Information Modeling (BIM), including 
structural details and characterization of the materials for cultural heritage conservation [6], and semiautomatic archaeological 
prospection guided by expert knowledge to discover new archaeological sites even in heterogeneous geographical contexts with 
complex vegetation distributions [7].

In urban environments, applications of 3D point clouds range from automatic urban tree species classification with unmanned laser 
scanning (ULS) [8] to accurate characterization of crossing zones with mobile laser scanning (MLS) [9]. They also include damage 
volumetric assessment of walls and columns in 3D digital twins [10] and damage assessment of critical infrastructures, such as sewer 
pipes [11]. Applications in industrial contexts include impact deformation analysis of thin-walled tubes [12] and accurate estimation 
of the load-carrying capacity of beams from 3D digital twins [13]. Furthermore, when noise and outlier objects are properly handled, 
3D point clouds can be used to derive uniform meshes yielding a spatially accurate representation of mining excavations [14] or to 
assist the generation of high-precision digital twins of shield tunnels [15].

1.2.  Definition and geometric features for machine learning

While applications of point clouds span diverse domains, any 3D point cloud can be formally defined as a finite set of points, 
i.e.,  =

{

𝑥𝑥𝑥1∗,… , 𝑥𝑥𝑥𝑚∗
}

⊂ ℝ𝑛. Besides, it can be expressed as a matrix 𝑃𝑃𝑃 ∈ ℝ𝑚×𝑛 representing 𝑚 ∈ ℤ>0 points. This matrix notation 
is compatible with the set definition as long as only row permutation invariant operations are considered, i.e., the order of the 
rows/points does not change the output. For a 3D point cloud, this matrix can be seen as a block matrix 𝑃𝑃𝑃 = [𝑋𝑋𝑋 |𝐹𝐹𝐹 ] where 𝑋𝑋𝑋 ∈ ℝ𝑚×3, 
𝐹𝐹𝐹 ∈ ℝ𝑚×𝑛𝑓 , and 𝑛 = 3 + 𝑛𝑓 . We say it is a 3D point cloud because its matrix of coordinates 𝑋𝑋𝑋 consists of 3D points represented as 
rows of three coordinates, and we call 𝐹𝐹𝐹  the feature space of the point cloud with an arbitrary dimensionality (including zero), 
i.e., 𝑛𝑓 ∈ ℤ≥0. Examples of typical features are the intensity (i.e., the peak value derived from the digital waveform analysis) or the 
number of returns per laser pulse [16].

Point-wise classification tasks, including object part and semantic scene segmentation, are required for most applications as the 
first step to derive useful information from the data. The current approach for general-purpose geometric descriptors in classical 
machine learning contexts starts by computing the neighborhood of each point and representing them as a matrix of point-wise 
coordinates. Let us denote the coordinates matrix of the 𝑖th neighborhood as 𝑋𝑋𝑋𝑖 ∈ ℝ𝑚𝑖×3 where typically 𝑖 = 1,… , 𝑚 for a point cloud 
of 𝑚 points. Each neighborhood is represented with 𝑚𝑖 ∈ ℤ>0 points that belong to the neighborhood of the 𝑖th point  (𝑥𝑥𝑥𝑖∗) ⊂  . Then 
the centroid 𝜇𝜇𝜇𝑖 = 𝑚−1

𝑖
∑

𝑥𝑥𝑥𝑗∗∈ (𝑥𝑥𝑥𝑖∗) 𝑥𝑥𝑥𝑗∗ is determined to compute the centered version of the neighborhood’s coordinates 𝑋𝑋𝑋𝑖 where each 
𝑗th row can be expressed as ̃𝑥𝑥𝑥𝑗∗ = 𝑥𝑥𝑥𝑗∗ − 𝜇𝜇𝜇𝑖 for the corresponding 𝑥𝑥𝑥𝑗∗ ∈  (𝑥𝑥𝑥𝑖∗). Finally, the first-order geometric descriptors for the 𝑖th 
point can be derived from the eigenvalues of the covariance matrix (𝑚𝑖 − 1)−1𝑋𝑋𝑋⊺

𝑖𝑋𝑋𝑋𝑖 ∈ ℝ3×3, which is also known as structure tensor 
analysis. These descriptors were initially proposed by Weinmann et al. [17] and Hackel et al. [18], and they were later computed in 
multiscale spherical neighborhoods to improve the performance of machine learning models by Thomas H. et al. [19].

First-order geometric descriptors are used in the current state-of-the-art for machine learning-based semantic segmentation of 3D 
point clouds, and it coexists with deep learning approaches whenever these are not necessary to achieve good performance or there is 
not enough data to train a neural network for a particular task. On top of that, deep learning models can also be extended with input 
geometric features to improve their performance. First-order geometric descriptors are still used in many works like the assessment 
of building damage due to earthquakes from multi-temporal time series of 3D point clouds [20], the domain adaptation of machine 
learning models trained with simulated point clouds to generalize to real point clouds in natural and urban contexts [21], or the 
analysis of wind-induced movements for leaf-wood segmentation and tree characterization [22].

1.3.  Contribution

In this work, we focus on an algorithm to compute agnostic geometric features, i.e., those that can be computed considering 
only the (𝑥, 𝑦, 𝑧) coordinates of each point with no prior constraints or further information. More formally, we propose the Taubin-
Weingarten (TW) algorithm as a geometric feature extraction procedure that transforms an input matrix of coordinates 𝑋𝑋𝑋 to 
an output point cloud 𝑃𝑃𝑃 = [𝑋𝑋𝑋 |𝐹𝐹𝐹 ] ∈ ℝ𝑚×(3+𝑛𝑓 ) with 𝑛𝑓 ∈ ℤ>0 features. The main novelty of our approach lies in its ability to work 
with quadratic equations, enabling the computation of second partial derivatives. This property contrasts with first-order geometric 
features, which rely on a linear model without second partial derivatives, and allows us to encode curvature information in second-
order geometric features. The name of our proposal comes from the two fundamental methods at the core of our algorithm, the Taubin 
method for quadric fitting [23] and the Weingarten map or shape operator for the computation of principal curvatures in implicit 
equations [24]. Our algorithm constitutes a novel and significant contribution because

1. It provides reliable estimations of Gaussian and mean curvature of surfaces in 3D point clouds.
2. It is an embarrassingly parallel algorithm whose performance scales with the number of cores.
3. It improves the results of machine learning models for 3D object part segmentation compared to typical first-order geometric 
descriptors.

4. It improves the results of machine learning models for large-scale 3D semantic segmentation compared to typical first-order 
geometric descriptors.
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Fig. 1. Flow chart summarizing the Taubin-Weingarten algorithm for a neighborhood of 𝑚𝑖 points in a 3D point cloud. Note that 𝜇𝜇𝜇𝑖 ∈ ℝ3 is the 
centroid of the neighborhood, 𝑢𝑢𝑢∗ ∈ ℝ3 is the eigenvector associated with the minimum linear eigenvalue, and 𝑣𝑣𝑣∗ ∈ ℝ10 is the generalized eigenvector 
associated with the minimum quadratic generalized eigenvalue. The Jacobian of the transformation from coordinates to monomials is denoted by 
𝐷𝑇 (𝑥𝑥𝑥𝑗∗) ∈ ℝ10×3.

Table 1 
Summary of the main notation used to describe the Taubin-Weingarten algorithm.
 Notation  Description
𝑋𝑋𝑋𝑖 ∈ ℝ𝑚×3  Centered 3D structure space matrix representing the geometry of the 𝑖th neighborhood
𝜆1 ≥ 𝜆2 ≥ 𝜆3  Linear eigenvalues, i.e., those of the covariance matrix
𝑢𝑢𝑢∗1 , 𝑢𝑢𝑢∗2 , 𝑢𝑢𝑢∗3 ∈ ℝ3  Linear eigenvectors, i.e., those associated to the linear eigenvalues
𝑔(𝑥𝑥𝑥;𝑤𝑤𝑤)∶ ℝ3 → ℝ  Quadratic model with coefficients 𝑤𝑤𝑤 ∈ ℝ10 (see Eq. (1))
𝑇 (𝑋𝑋𝑋𝑖) ∶ ℝ𝑚×3 → ℝ𝑚×10  Monomial transform of a centered neighborhood
𝜌1 ≥ ⋯ ≥ 𝜌10  Quadratic eigenvalues, i.e., the generalized eigenvalues after the monomial transform
𝑣𝑣𝑣1∗ ,… , 𝑣𝑣𝑣10∗ ∈ ℝ10  Quadratic eigenvectors, i.e., the eigenvectors associated to the quadratic eigenvalues
𝑊𝑊𝑊 (𝑥𝑥𝑥𝑖∗ , 𝛼𝛼𝛼,𝛽𝛽𝛽) ∈ ℝ2×2  Weingarten matrix on an orthonormal tangent basis spanned by 𝛼𝛼𝛼 and 𝛽𝛽𝛽 at the 𝑖th point
𝜅∗ , 𝜅∗ ∈ ℝ  Minimum and maximum principal curvatures, respectively
𝜖 ∈ ℝ>0  Eigenthreshold parameter governing the degeneracy check
𝜏 ∈ ℝ>0  Tikhonov regularization parameter to lift the generalized eigenvalues

2.  Method

In this section, we present a detailed description of the TW algorithm. The flow chart in Fig. 1 summarizes the main steps of 
the method. Its many components are explained in the following subsections. Note that from now on the point 𝑥𝑥𝑥 ∈ ℝ3 refers to the 
point expressed in the original coordinate reference system of the point cloud while the point ̃𝑥𝑥𝑥 ∈ ℝ3 refers to the point translated 
by subtracting the centroid of the neighborhood that is being analyzed (as described in Section 1.2). Table 1 summarizes the main 
notational elements used to describe the TW algorithm.

2.1.  Linear fit and degeneracy check

The first step before the quadric fit is to check whether the input neighborhood is degenerate (i.e., it corresponds almost exactly 
with a linear variety, typically a plane). These cases can be checked with the standard approach for first-order geometric features. As-
suming the eigenvalues are given in descending order (i.e., 𝜆1 ≥ 𝜆2 ≥ 𝜆3), we need to check whether 𝜆3 < 𝜖 for a given small 𝜖 ∈ ℝ>0. 
Note that the minimum eigenvalue may be interpreted as a measure of fitness quality, thus when 𝜆3 → 0 the neighborhood does not 
represent a geometry with curvature and we shall not proceed to the quadric fit. On top of that, the degeneracy check also includes 
those cases where the monomials of the quadratic model on the input neighborhood 𝑇 (𝑋𝑋𝑋𝑖) do not have at least one linearly inde-
pendent equation for each coefficient. More formally, neighborhoods are degenerate if they have less than ten linearly independent 
equations on the nine monomials (plus one for the bias term) of the general implicit quadratic equation, i.e., rank

(

𝑇 (𝑋𝑋𝑋𝑖)
)

< 10. The 
monomial transformation is explained in detail in the subsequent Section 2.2.

In degenerate cases we are fitting a plane model 𝑔(𝑥𝑥𝑥) = 𝑢𝑢𝑢⊺∗3𝑥𝑥𝑥 where 𝑢𝑢𝑢∗3 ∈ ℝ3 is the column eigenvector associated with the minimum 
eigenvalue. The gradient of the model will be given by the components of the eigenvector, i.e., ∇𝑔(𝑥𝑥𝑥) = 𝑢𝑢𝑢∗3. In this scenario, the 
gradient will always have unitary norm because the eigenvectors computed through Principal Component Analysis (PCA) yield an 
orthonormal basis, i.e., ‖∇𝑔(𝑥𝑥𝑥)‖ = ‖𝑢𝑢𝑢∗3‖ = 1 [25, see pp. 461–463]. As the TW algorithm implies solving the standard linear eigenvalue 
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problem, it can also provide first-order geometric descriptors. This property is an advantage of the algorithm because it prevents the 
computation of two different methods when both first-order and second-order geometric descriptors must be calculated.

2.2.  Quadric fit

If the degeneracy check passed, then a quadratic model must be computed. The rationale behind this is that a linear model 
𝑔 ∈ ℝ[𝑥, 𝑦, 𝑧] satisfies deg(𝑔) = 1, which implies that first-order derivatives will be constant and second-order derivatives will be null. 
Consequently, it cannot handle curvature information in the data. When the geometric distribution of the input neighborhood cannot 
be almost perfectly explained with a linear model, we assume it must have some curvature information, and thus we want a non-
linear algebraic model satisfying deg(𝑔) ≥ 2. In this work, we use a general implicit quadratic equation as defined in Eq. (1). This 
model has deg(𝑔) = 2 and thus will lead to linear first derivatives and constant second derivatives for a given point. The coefficients 
of the polynomial are represented with 𝑤𝑘 for 𝑘 = 1,… , 10. The gradient vector ∇𝑔(𝑥𝑥𝑥) ∈ ℝ3 and Hessian matrix HHH𝑔(𝑥𝑥𝑥) ∈ ℝ3×3 will be 
given by the expressions in Eq. (2). It is worth mentioning that the quadratic model will no longer necessarily satisfy ‖∇𝑔(𝑥𝑥𝑥)‖ = 1, 
and thus the gradients might have different norms (which already makes the gradient norm a geometric feature characterizing the 
neighborhood).

𝑔(𝑥𝑥𝑥;𝑤𝑤𝑤) = 𝑤1𝑥 +𝑤2𝑦 +𝑤3𝑧 +𝑤4𝑥𝑦 +𝑤5𝑥𝑧 +𝑤6𝑦𝑧 +𝑤7𝑥
2 +𝑤8𝑦

2 +𝑤9𝑧
2 +𝑤10 (1)

∇𝑔(𝑥𝑥𝑥) =
⎡

⎢

⎢

⎣

2𝑤7𝑥 +𝑤4𝑦 +𝑤5𝑧 +𝑤1
𝑤4𝑥 + 2𝑤8𝑦 +𝑤6𝑧 +𝑤2
𝑤5𝑥 +𝑤6𝑦 + 2𝑤9𝑧 +𝑤3

⎤

⎥

⎥

⎦

, HHH𝑔(𝑥𝑥𝑥) =
⎡

⎢

⎢

⎣

2𝑤7 𝑤4 𝑤5
𝑤4 2𝑤8 𝑤6
𝑤5 𝑤6 2𝑤9

⎤

⎥

⎥

⎦

(2)

Now, for the sake of convenience, let us define 𝑇 (𝑥𝑥𝑥) ∶ ℝ3 → ℝ10 as the transformation from a 3D point ̃𝑥𝑥𝑥 = (𝑥, 𝑦, 𝑧) to its monomial 
representation 𝑇 (𝑥𝑥𝑥) = (𝑥, 𝑦, 𝑧, 𝑥𝑦, 𝑥𝑧, 𝑦𝑧, 𝑥2, 𝑦2, 𝑧2, 1). Analogously, 𝑇 (𝑋𝑋𝑋) ∶ ℝ𝑚×3 → ℝ𝑚×10 would transform each row ̃𝑥𝑥𝑥𝑗∗ of 𝑋𝑋𝑋 to 𝑇 (𝑥𝑥𝑥𝑗∗). 
This transformation leads to a straightforward generalization of the first-order method, fitting the quadratic model with PCA by 
finding the eigenvalues 𝜌1 ≥ ⋯ ≥ 𝜌10 ∈ ℝ>0 and eigenvectors 𝑣𝑣𝑣∗1,… , 𝑣𝑣𝑣∗10 ∈ ℝ10 of (𝑚 − 1)−1𝑇 (𝑋𝑋𝑋)⊺𝑇 (𝑋𝑋𝑋). Since the quadratic model is 
more complicated than the linear one, we could explore a numerically more robust alternative like Singular Value Decomposition 
(SVD) [26] [27, see pp. 624–638]. In that case, we could decompose the transformed matrix of coordinates such that 𝑇 (𝑋𝑋𝑋) = 𝑈𝑈𝑈ΣΣΣ𝑉𝑉𝑉 ⊺. 
Assuming the singular values are in descending order 𝜎1 ≥ ⋯ ≥ 𝜎10, the coefficients of the quadratic model would be given by the 
non-trivial singular vector associated with the smallest singular value 𝑣𝑣𝑣∗ ∈ ℝ10. The geometric features would be identical to those 
acquired by PCA if we take the squares of the singular values because 𝜌𝑘 = 𝜎2𝑘.

Unfortunately, these straightforward approaches are problematic as we will show with the theoretical error quantifications in 
Section 4.1. The main problem is that surfaces with curvature fit through SVD or PCA are simply minimizing the sum of squared 
algebraic distances that do not generally correspond with the geometric distances. Note that if the model 𝑔 is a plane with coefficients 
𝑤𝑤𝑤 = (𝑤1, 𝑤2, 𝑤3), then the geometric distance for any point ̃𝑥𝑥𝑥 is given by ‖𝑤𝑤𝑤‖

−1
|𝑤𝑤𝑤⊺𝑥𝑥𝑥|. Hence, for the particular case of normalized 

planes with ‖𝑤𝑤𝑤‖ = 1, the geometric distance matches the absolute algebraic distance because it reduces to |𝑤𝑤𝑤⊺𝑥𝑥𝑥| (which happens 
for PCA and SVD when fitting a plane). This is no longer the case for a quadratic model. One alternative is to consider a non-
linear optimization algorithm like gradient descent [28, see pp. 466–475] or Levenberg-Marquardt [29] [30, see pp. 801–806] and 
modify it to minimize the geometric distance or extend it to include regularization terms to reduce the unwanted bias of algebraic 
distance minimization. However, dense 3D point clouds in real applications often present millions of neighborhoods with hundreds, 
thousands, or even tens of thousands of points each. Therefore, computing an iterative non-linear optimization method is likely to 
lead to a prohibitive computational cost. Instead, we need an algebraic method that does not require many iterations to converge 
and yet allows us to reduce the bias of minimizing the algebraic distance by applying some computationally cheap constraint.

The work of Taubin proposed a method for fitting planar curves, polynomial surfaces, and algebraic space curves represented by 
implicit equations [23]. It consists of a smart initialization method based on solving a generalized eigenvalue problem to achieve 
a good initial fit that minimizes the mean square error, constrained by the mean of the outer products of the gradient evaluated at 
each point of the dataset. The main benefit of the constraint is reducing the bias of a straightforward algebraic fit that minimizes the 
squared algebraic distances. This initial fit is then refined with a few iterations of Levenberg-Marquardt. In our work, we consider 
only the initialization method as a good-enough approach and avoid the computational cost of the Levenberg-Marquardt algorithm 
or any other iterative process.

The constraint of the initial fit method in [23] (from now on called Taubin’s method) can be expressed in our case as the mean of 
∇𝑔(𝑥𝑗∗𝑥𝑗∗𝑥𝑗∗;𝑤𝑤𝑤)∇𝑔(𝑥𝑗∗𝑥𝑗∗𝑥𝑗∗;𝑤𝑤𝑤)⊺ considering each point in the neighborhood ̃𝑥𝑥𝑥𝑗∗ ∈  (𝑥𝑥𝑥𝑖∗). Although 𝑤𝑤𝑤 is not known before the fit, the constraint 
can still be incorporated. Let us start by noting that ∇𝑔(𝑥𝑥𝑥𝑗∗;𝑤𝑤𝑤) = ∇(𝑇 (𝑥𝑥𝑥𝑗∗)⊺𝑤𝑤𝑤). Consequently, as differentiation is a linear operation, 
∇𝑔(𝑥𝑥𝑥𝑗∗;𝑤𝑤𝑤) = 𝐷(𝑇 (𝑥𝑥𝑥𝑗∗))⊺𝑤𝑤𝑤. Note that 𝐷(𝑇 (𝑥𝑥𝑥𝑗∗)) ∈ ℝ10×3 is the Jacobian evaluated on the 𝑗th point of the neighborhood and let 𝑁𝑁𝑁(𝑥𝑥𝑥𝑖∗) ∈
ℝ10×10 be the mean of the outer products of the Jacobians for each point in the neighborhood as expressed in Eq. (3).

𝐷(𝑇 (𝑥𝑥𝑥𝑗∗))⊺ =
⎡

⎢

⎢

⎣

1 0 0 𝑦 𝑧 0 2𝑥 0 0 0
0 1 0 𝑥 0 𝑧 0 2𝑦 0 0
0 0 1 0 𝑥 𝑦 0 0 2𝑧 0

⎤

⎥

⎥

⎦

, 𝑁𝑁𝑁(𝑥𝑥𝑥𝑖∗) = 𝑚−1
𝑖

𝑚𝑖
∑

𝑗=1
𝐷(𝑇 (𝑥𝑥𝑥𝑗∗))𝐷(𝑇 (𝑥𝑥𝑥𝑗∗))⊺ (3)

For the sake of simplicity, let us also define 𝑀𝑀𝑀(𝑥𝑥𝑥𝑖∗) = 𝑚−1
𝑖 𝑇 (𝑋𝑋𝑋𝑖)⊺𝑇 (𝑋𝑋𝑋𝑖) as the second moment matrix of the neighborhood. The typical 

approach is to impose a constraint 𝑤𝑤𝑤⊺𝑁𝑁𝑁(𝑥𝑥𝑥𝑖∗)𝑤𝑤𝑤 ≠ 0 to rule out the trivial solution induced by the bias term. This strategy leads to 
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the generalized eigenvalue problem 𝑀𝑀𝑀(𝑥𝑥𝑥𝑖∗)𝑣𝑣𝑣 = 𝜌𝑁𝑁𝑁(𝑥𝑥𝑥𝑖∗)𝑣𝑣𝑣, whose minimal eigenvector is often normalized to solve the optimization 
problem given in Eq. (4). With our approach, assuming that the generalized eigenvalues are in descending order (𝜌1 ≥ ⋯ ≥ 𝜌10), the 
components of the generalized eigenvector 𝑣𝑣𝑣𝜉∗ associated with the minimum generalized eigenvalue give the coefficients 𝑤1,… , 𝑤10
of the quadratic polynomial. The index of the target eigenvalue is determined as the index of the minimum reliable generalized 
eigenvalue 𝜉 = arg min2≤𝑘≤10 {𝜌𝑘 ∶ 𝜌𝑘 > 𝜏}, where 𝜏 ∈ ℝ>0 corresponds with the Tikhonov regularization parameter [25, see pp. 
321–328]. Note that 𝜌1 is not considered because the quadratic model includes a bias term, which is expected to be associated with 
the trivial eigenvector. Hence, in our case, we can ignore the maximal eigenvalue without explicitly imposing any constraint on 
𝑤𝑤𝑤⊺(𝑁𝑁𝑁 + 𝜏𝐼𝐼𝐼)𝑤𝑤𝑤 to avoid trivial solutions.

min
𝑤𝑤𝑤∈ℝ10

𝑤𝑤𝑤⊺𝑀𝑀𝑀(𝑥𝑥𝑥𝑖∗)𝑤𝑤𝑤

s.t. 𝑤𝑤𝑤⊺𝑁𝑁𝑁(𝑥𝑥𝑥𝑖∗)𝑤𝑤𝑤 = 1
(4)

To understand why we expect the maximal generalized eigenvalue 𝜌1 to correspond with the trivial eigenvector, let us introduce the 
generalized Rayleigh quotient [25, see pp. 474–484] of our model for any non-null vector 𝑤𝑤𝑤 ∈ ℝ10 in Eq. (5). Note that for any trivial 
solution vector 𝑤𝑤𝑤∗ = (0,… , 0, 𝑏) with 𝑏 ≠ 0 we have 𝑤𝑤𝑤⊺

∗𝑀𝑀𝑀𝑤𝑤𝑤∗ = 𝑏2 and 𝑤𝑤𝑤⊺
∗(𝑁𝑁𝑁 + 𝜏𝐼𝐼𝐼)𝑤𝑤𝑤∗ = 𝜏𝑏2. Therefore, 𝑅(𝑤𝑤𝑤∗) = 𝜏−1. Now consider any 

non-trivial vector 𝑤𝑤𝑤∗ ≠ 𝛼𝑤𝑤𝑤∗ with 𝛼 ∈ ℝ. Looking at the denominator of 𝑅(𝑤𝑤𝑤∗), we can see that when 𝜏 → 0 the non-trivial generalized 
eigenvalues with Tikhonov regularization converge to the standard non-trivial generalized eigenvalues because 𝜏(𝑤𝑤𝑤∗)⊺𝑤𝑤𝑤∗ → 0. To the 
contrary, when 𝜏 → 0 we have that 𝑅(𝑤𝑤𝑤∗) → ∞. From this situation, we can infer that, by choosing a small enough 𝜏, the maximum 
generalized eigenvalue (which is also the maximum of the generalized Rayleigh quotient) will correspond to the eigenvector of 
the trivial solution. Numerically speaking, we recommend choosing 𝜏 close enough to the machine epsilon for the number of bits 
employed in the decimal representations with finite precision.

𝑅(𝑤𝑤𝑤) = 𝑤𝑤𝑤⊺𝑀𝑀𝑀𝑤𝑤𝑤
𝑤𝑤𝑤⊺(𝑁𝑁𝑁 + 𝜏𝐼𝐼𝐼)𝑤𝑤𝑤

= 𝑤𝑤𝑤⊺𝑀𝑀𝑀𝑤𝑤𝑤
𝑤𝑤𝑤⊺𝑁𝑁𝑁𝑤𝑤𝑤 + 𝜏𝑤𝑤𝑤⊺𝑤𝑤𝑤

(5)

Algorithm 1 describes the implementation of Taubin’s method in the TW algorithm. The matrix ΩΩΩ ∈ ℝ𝑚𝑖×𝑚𝑖  is a diagonal matrix 
of point-wise weights that can be used to govern the contribution of each point to the quadric fit. Note that the 𝑀𝑀𝑀 and 𝑁𝑁𝑁 matrices 
are generalized to work with weights. More concretely, the matrix 𝑁𝑁𝑁 generalizes Eq. (3) by including the point-wise weights in the 
diagonal of ΩΩΩ and the Tikhonov regularization with parameter 𝜏 ∈ ℝ>0 to avoid numerical issues where the aggregation of outer 
Jacobian products fails to be positive definite. 

Algorithm 1 Taubin’s method for the neighborhood of a 3D point cloud.
Require: rank

(

𝑇 (𝑋𝑋𝑋𝑖)
)

= 10 ⊳ Require 10 linearly independent equations on the monomials
1: function taubin_fit(𝑋𝑋𝑋𝑖 ∈ ℝ𝑚𝑖×3,ΩΩΩ ∈ ℝ𝑚𝑖×𝑚𝑖 , 𝜏 ∈ ℝ>0)
2:  𝑀𝑀𝑀 = 𝑇 (𝑋𝑋𝑋𝑖)⊺ΩΩΩ𝑇 (𝑋𝑋𝑋𝑖) ⊳ Weighted second moment matrix
3:  𝑁𝑁𝑁 = 𝜏𝐼𝐼𝐼 +

∑𝑚𝑖
𝑗=1 𝜔𝑗𝑗𝐷𝑇 (𝑥𝑥𝑥𝑗∗)𝐷𝑇 (𝑥𝑥𝑥𝑗∗)⊺ ⊳ Tikhonov regularized weighted mean of outer Jacobian products

4:  𝐿𝐿𝐿𝐿𝐿𝐿⊺ =𝑁𝑁𝑁 ⊳ Cholesky decomposition of 𝑁𝑁𝑁
5:  𝜌1,… , 𝜌10 = solve

(

det
(

𝐿𝐿𝐿−1𝑀𝑀𝑀 − 𝜌𝐼𝐼𝐼
)

= 0
)

⊳ Find generalized eigenvalues
6:  𝑉𝑉𝑉 ′ = solve

((

𝐿𝐿𝐿−1𝑀𝑀𝑀 − 𝜌𝑘𝐼𝐼𝐼
)

𝑣𝑣𝑣′∗𝑘 = 000
)

⊳ Find eigenvectors as column vectors
7:  𝑉𝑉𝑉 = (𝐿𝐿𝐿⊺)−1𝑉𝑉𝑉 ′ ⊳ Change the basis of the eigenvectors to obtain the generalized eigenvectors
8:  return 𝜌1,… , 𝜌10,𝑉𝑉𝑉 ⊳ Return generalized eigenvalues and eigenvectors
9: end function

We exploit the fact that the regularized 𝑁𝑁𝑁 is symmetric 𝑁𝑁𝑁 =𝑁𝑁𝑁⊺ and positive definite ∀𝑣𝑣𝑣 ∈ ℝ10, 𝑣𝑣𝑣⊺𝑁𝑁𝑁𝑣𝑣𝑣 > 0 to solve the general-
ized eigenvalue problem through its Cholesky decomposition into lower 𝐿𝐿𝐿 ∈ ℝ10×10 and upper 𝐿𝐿𝐿⊺ ∈ ℝ10×10 triangular matrices. The 
Cholesky decomposition allows us to solve the problem simply by forward-backward substitution and the eigen-decomposition of a 
10 × 10 matrix. This method is typically faster than other common approaches like computing the eigen-decomposition or SVD of 
𝑁𝑁𝑁−1∕2𝑀𝑀𝑀𝑁𝑁𝑁−1∕2, or even the generalized Schur Decomposition (QZ algorithm) of the matrix pencil (𝑀𝑀𝑀,𝑁𝑁𝑁) [31].

Concerning the matrix ΩΩΩ, on the one hand, it can be set to 𝜔𝑗𝑗 = 𝑚−1
𝑖  to use the standard unweighted mean. On the other hand, it 

can be computed with methods like inverse distance weighting (IDW) or Gaussian radial basis functions (RBF) [32, see pp. 159–162] 
to increase the contribution of the points that are closer to the center of the neighborhood. Finally, recall that the coefficients of the 
quadratic polynomial will be given by the 𝜉th column of 𝑉𝑉𝑉 , i.e., 𝑣𝑣𝑣∗𝜉 .

2.3.  Principal curvatures

Let 𝜅∗, 𝜅∗ ∈ ℝ be the maximum and minimum normal curvatures among the many curves that lie on a surface 𝑆, i.e., its principal 
curvatures [33, see pp. 188–198]. Let us also introduce the Gauss map between a surface and the unit sphere 𝑁 ∶ 𝑆 → 𝕊2 [33, see pp. 
172–178]. For our quadratic polynomial model, the Gauss map is 𝑁(𝑥𝑥𝑥𝑖∗) = ‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖−1∇𝑔(𝑥𝑥𝑥𝑖∗). Now we can introduce the Weingarten 
map (also known as shape operator) as the negative of the directional derivative along an arbitrary vector 𝑢𝑢𝑢 ∈ ℝ3 of the Gauss map, 
i.e., 𝑊 (𝑥𝑥𝑥𝑖∗, 𝑢𝑢𝑢) = −𝐷𝑢𝑢𝑢𝑁(𝑥𝑥𝑥𝑖∗) [24]. This map can be used to compute the Weingarten matrix 𝑊𝑊𝑊 (𝑥𝑥𝑥𝑖∗, 𝛼𝛼𝛼,𝛽𝛽𝛽) ∈ ℝ2×2 which will allow us to 
find the principal curvatures of our implicit quadratic model.
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To compute the Weingarten matrix we need an orthonormal basis of two vectors 𝛼𝛼𝛼,𝛽𝛽𝛽 ∈ ℝ3 that spans the tangent plane to the 
surface defined by 𝑔 passing through the point ̃𝑥𝑥𝑥𝑖∗. These vectors can be computed by Algorithm 2, provided we have a non-null 
gradient at ̃𝑥𝑥𝑥𝑖∗. In doing so, selecting the component of the normalized gradient whose absolute value is the closest to one prevents 
divisions by tiny numbers when finding 𝛼𝛼𝛼, which helps with numerical stability. 

Algorithm 2 Method to find an orthonormal basis spanning the tangent plane of 𝑔 through ̃𝑥𝑥𝑥𝑖∗.
Require: ∇𝑔(𝑥𝑥𝑥𝑖∗) ≠ 000 ⊳ Gradient must not be null
1: function tangent_plane_basis(∇𝑔(𝑥𝑥𝑥𝑖∗) ∈ ℝ3)
2:  𝑢𝑢𝑢 = ‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖−1∇𝑔(𝑥𝑥𝑥𝑖∗) ⊳ Normalize gradient vector
3:  𝛼𝛼𝛼 = (1, 1, 1) ⊳ Initialize 𝛼𝛼𝛼 as a vector of ones
4:  𝑘 = arg max1≤𝑗≤3

{

|

|

|

𝑢𝑗
|

|

|

}

⊳ Find index of absolute component of 𝑢𝑢𝑢 closest to one
5:  𝛼𝑘 = −𝑢−1𝑘

∑

𝑗≠𝑘 𝑢𝑗 ⊳ Compute 𝛼𝑘 so 𝛼𝛼𝛼⊺∇𝑔(𝑥𝑥𝑥𝑖∗)) = 0
6:  𝛼𝛼𝛼 = ‖𝛼𝛼𝛼‖−1𝛼𝛼𝛼 ⊳ Normalize 𝛼𝛼𝛼
7:  𝛽𝛽𝛽 = 𝑢𝑢𝑢 × 𝛼𝛼𝛼 ⊳ Compute third orthonormal vector by cross product
8:  return 𝛼𝛼𝛼,𝛽𝛽𝛽 ⊳ Return orthonormal vectors spanning the tangent plane
9: end function

Given the pair of orthonormal vectors 𝛼𝛼𝛼,𝛽𝛽𝛽 spanning the tangent plane, we can use the Weingarten map from Eq. (6) to compute 
the Weingarten matrix in Eq. (7). Note that the simplification of the Weingarten matrix is justified because the vectors that span the 
tangent plane are orthogonal with respect to the gradient, i.e., 𝛼𝛼𝛼⊺∇𝑔(𝑥𝑥𝑥𝑖∗) = 𝛽𝛽𝛽⊺∇𝑔(𝑥𝑥𝑥𝑖∗) = 0. Consequently, we only need to consider 
the −HHH𝑔(𝑥𝑥𝑥𝑖∗)𝑢𝑢𝑢 term of the parenthesis in the last line of Eq. (6). Once the Weingarten matrix is computed, the principal curvatures 
can be derived from its eigenvalues. Fortunately, the roots of the characteristic polynomial of the 2 × 2 Weingarten matrix reduce 
to a second-degree algebraic equation whose set of solutions  can be computed from the closed-form solution in Eq. (8), where 
𝑤𝑝𝑞 refers to the element at the 𝑝th row and 𝑞th column of the Weingarten matrix. Finally, the maximum and minimum principal 
curvatures are given by 𝜅∗ = max  and 𝜅∗ = min  , respectively.

𝑊 (𝑥𝑥𝑥𝑖∗, 𝑢𝑢𝑢) = −‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖−1𝐷𝑢𝑢𝑢(∇𝑔(𝑥𝑥𝑥𝑖∗)) −𝐷𝑢𝑢𝑢
(

‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖−1
)

∇𝑔(𝑥𝑥𝑥𝑖∗)

= ‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖−1
(

∇𝑔(𝑥𝑥𝑥𝑖∗)⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)𝑢𝑢𝑢
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖2

∇𝑔(𝑥𝑥𝑥𝑖∗) −HHH𝑔(𝑥𝑥𝑥𝑖∗)𝑢𝑢𝑢
) (6)

𝑊𝑊𝑊 (𝑥𝑥𝑥𝑖∗, 𝛼𝛼𝛼,𝛽𝛽𝛽) =
[

𝛼𝛼𝛼⊺𝑊 (𝑥𝑥𝑥𝑖∗, 𝛼𝛼𝛼) 𝛼𝛼𝛼⊺𝑊 (𝑥𝑥𝑥𝑖∗, 𝛽𝛽𝛽)
𝛽𝛽𝛽⊺𝑊 (𝑥𝑥𝑥𝑖∗, 𝛼𝛼𝛼) 𝛽𝛽𝛽⊺𝑊 (𝑥𝑥𝑥𝑖∗, 𝛽𝛽𝛽)

]

= −‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖−1
[

𝛼𝛼𝛼⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)𝛼𝛼𝛼 𝛼𝛼𝛼⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)𝛽𝛽𝛽
𝛽𝛽𝛽⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)𝛼𝛼𝛼 𝛽𝛽𝛽⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)𝛽𝛽𝛽

]

(7)

 =
{

1
2

(

𝑤11 +𝑤22 ±
√

(

𝑤11 +𝑤22
)2 − 4

(

𝑤11𝑤22 −𝑤12𝑤21
)

)}

(8)

2.4.  Taubin-Weingarten algorithm

The Taubin-Weingarten algorithm for a neighborhood of a 3D point cloud is formally described in Algorithm 3. It can process any 
input neighborhood whose points lead to at least three linearly independent equations, i.e., there are at least three points for which 
there is not a single colinear pair. For the experiments in this work, we set the degeneracy threshold to 𝜖 = 10−5 and the Tikhonov 
regularization parameter to 𝜏 = 10−7 using floating point arithmetic with 32 bits. 

The TW algorithm computes the linear eigenvalues 𝜆1, 𝜆2, 𝜆3 ∈ ℝ and column eigenvectors 𝑈𝑈𝑈 ∈ ℝ3×3, the quadratic generalized 
eigenvalues 𝜌1,… , 𝜌10 ∈ ℝ and column eigenvectors 𝑉𝑉𝑉 ∈ ℝ10×10, the principal curvatures 𝜅∗, 𝜅∗ ∈ ℝ, the gradient ∇𝑔(𝑥𝑥𝑥𝑖∗) ∈ ℝ3, and 
the Hessian HHH𝑔(𝑥𝑥𝑥𝑖∗) ∈ ℝ3×3. These values can be used to compute a set of geometric features as explained in Section 2.5. Note that if 
the degeneracy check is not passed, the quadratic generalized eigenvalues and eigenvectors, the principal curvatures, and the Hessian 
will be null, with the gradient matching the unitary eigenvector 𝑢𝑢𝑢∗3 associated with the minimum eigenvalue of the linear model. 
Even if the quadratic model is fit successfully, it is possible (though not often the case) that the gradient is singular at the center 
point of the neighborhood ̃𝑥𝑥𝑥𝑖∗. If this is the case, the principal curvatures are set to zero for convenience as they cannot be estimated 
at singular points.

One could question why the Tikhonov regularization and finding the index 𝜉 are necessary if there is already a check on the rank 
of 𝑇 (𝑋𝑋𝑋). The reason is that we want our model to be robust enough to work on real datasets that often involve problematic scenarios. 
As an example, let us consider a geometry where the points are taken as samples from one-dimensional subspaces of ℝ10. Let 𝐿𝑘 =
{𝛾𝑑𝑑𝑑𝑘 ∶ 𝛾 ∈ ℝ} represent the 𝑘th subspace, where 𝑑𝑑𝑑𝑘 ∈ ℝ10 is the direction vector. Now, let 𝜑(𝐿𝑝, 𝐿𝑞) = arccos(‖𝑑𝑑𝑑𝑝‖−1‖𝑑𝑑𝑑𝑞‖−1|𝑑𝑑𝑑

⊺
𝑝𝑑𝑑𝑑𝑞|) ∈

[0, 𝜋∕2] ⊂ ℝ be a function that gives the angular difference between a pair of subspaces 𝐿𝑝 and 𝐿𝑞 . We might have 10 points from 
10 different subspaces 𝐿1,… , 𝐿10 with linearly independent direction vectors. However, for a given pair of subspaces satisfying 
𝜑(𝐿𝑝, 𝐿𝑞) → 0, Algorithm 1 may fail due to numerical limitations when dealing with nearly linearly dependent vectors. The Tikhonov 
regularization lifts the eigenvalues of the Gram matrix (including the zeroes), thereby making it numerically invertible. However, 
generalized eigenvalues below this threshold have been artificially lifted and should not be considered as a reliable answer. That is 
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Algorithm 3 Taubin-Weingarten algorithm for the neighborhood of a 3D point cloud.
Require: 𝑋𝑋𝑋𝑖 ∈ ℝ𝑚𝑖×3 s.t rank

(

𝑋𝑋𝑋𝑖

)

= 3, 𝜖 ∈ ℝ>0, 𝜏 ∈ ℝ>0

1: 𝜆1, 𝜆2, 𝜆3 = solve
(

det
(

(𝑚 − 1)−1𝑋𝑋𝑋⊺
𝑖𝑋𝑋𝑋𝑖

)

= 0
)

⊳ Eigenvalues of linear model
2: 𝑈𝑈𝑈 = solve

((

(𝑚 − 1)−1𝑋𝑋𝑋⊺
𝑖𝑋𝑋𝑋𝑖

)

𝑢𝑢𝑢∗𝑘 = 000
)

⊳ Column eigenvectors of linear model
3: if 𝜆3 < 𝜖 ∨ rank

(

𝑇 (𝑋𝑋𝑋𝑖)
)

< 10 then ⊳ Degeneracy check
4:  return 𝜆1, 𝜆2, 𝜆3,𝑈𝑈𝑈, 0,… , 0,000, 0, 0, 𝑢𝑢𝑢∗3,000
5: end if
6: ΩΩΩ = point_wise_weights(𝑋𝑋𝑋𝑖) ⊳ Weight the contribution of each point
7: 𝜇𝜇𝜇 =

∑𝑚𝑖
𝑗=1 𝜔𝑗𝑗𝑥𝑥𝑥𝑗∗ ⊳ Update centroid to weighted centroid

8: ∀1 ≤ 𝑗 ≤ 𝑚𝑖, 𝑥𝑥𝑥𝑗∗ = 𝑥𝑥𝑥𝑗∗ − 𝜇𝜇𝜇 ⊳ Recenter neighborhood with weighted centroid
9: 𝜌1,… , 𝜌10,𝑉𝑉𝑉 = taubin_fit(𝑋𝑋𝑋𝑖,ΩΩΩ, 𝜏) ⊳ Fit quadric (see Algorithm 1)
10: if ∇𝑔(𝑥𝑥𝑥𝑖∗) = 000 then ⊳ Gradient singularity check
11:  return 𝜆1, 𝜆2, 𝜆3,𝑈𝑈𝑈, 𝜌1,… , 𝜌10,𝑉𝑉𝑉 , 0, 0,000,HHH𝑔(𝑥𝑥𝑥𝑖∗;𝑣𝑣𝑣∗𝜉 )
12: end if
13: 𝜉 = arg min2≤𝑘≤10 {𝜌𝑘 ∶ 𝜌𝑘 > 𝜏} ⊳ Index of the generalized eigenvector with the polynomial’s coefficients
14: 𝛼𝛼𝛼,𝛽𝛽𝛽 = tangent_plane_basis(∇𝑔(𝑥𝑥𝑥𝑖∗;𝑣𝑣𝑣∗𝜉 )) ⊳ Tangent space for Weingarten matrix (see Algorithm 2 )
15:  = solve

(

det
(

𝑊𝑊𝑊 (𝑥𝑥𝑥𝑖∗, 𝛼𝛼𝛼,𝛽𝛽𝛽) − 𝜅𝐼𝐼𝐼
)

= 0
)

⊳ Eigenvalues of Weingarten matrix (see Eqs. (6)–(8))
16: 𝜅∗ = max  ⊳ Maximum principal curvature
17: 𝜅∗ = min  ⊳ Minimum principal curvature
18: return 𝜆1, 𝜆2, 𝜆3,𝑈𝑈𝑈, 𝜌1,… , 𝜌10,𝑉𝑉𝑉 , 𝜅∗, 𝜅∗,∇𝑔(𝑥𝑥𝑥𝑖∗;𝑣𝑣𝑣∗𝜉 ),HHH𝑔(𝑥𝑥𝑥𝑖∗;𝑣𝑣𝑣∗𝜉 )

why, despite the rank check, the TW algorithm applies Tikhonov regularization and includes an explicit search process to determine 
the index of the smallest reliable generalized eigenvalue.

Finally, note that if the POINT_WISE_WEIGHTS function in Algorithm 3 is used to compute custom weights (e.g., through RBF or 
IDW), the centroid must be updated and the neighborhood recentered by subtracting the new weighted centroid. Note that if the 
weights correspond to a standard mean, the new centroid will be zero because the neighborhood was already centered. Consequently, 
the recentering of the neighborhood’s coordinates will involve a translation by the null vector, i.e., the coordinates will remain the 
same.

2.5.  Second-order geometric descriptors

Computing Algorithm 3 enables the extraction of several geometric features directly from its output. In this section we detail 
many of these features, categorizing them into eigenvalue features (those that involve the generalized eigenvalues of the quadric fit), 
polynomial features (those that involve the straightforward evaluation or coefficients of the polynomial), differential features (those 
computed from the gradient and/or the Hessian of the quadratic model), and curvature features (those derived from the principal 
curvatures).

The eigenvalue features described in Table 2 use the generalized eigenvalues to describe the geometry of the neighborhood. Some of 
them, like the quadratic deviation, eigensum, eigenentropy, omnivariance, hypersphericity, and hyperanisotropy, are straightforward 
generalizations of typical first-order geometric descriptors but computed with the generalized eigenvalues of the quadratic model 
𝜌2,… , 𝜌10 instead of the eigenvalues of the linear model 𝜆1, 𝜆2, 𝜆3. Recall that 𝜌2 is considered as the maximum generalized eigenvalue 
because we have a bias term in our model, which leads to a trivial 𝜌1 eigenvalue. For the sake of understanding, let us clarify that the 
quadratic deviation generalizes the surface variation, while the hypersphericity and hyperanisotropy generalize the sphericity and 
anisotropy, respectively. The remaining eigenvalue features can be seen as the norms of the system. The squared spectral norm is the 
maximum generalized eigenvalue, which is the square of the corresponding maximum singular value (that corresponds to the square 
roots of the eigenvalues). The Frobenius norm is the square root of the summation of the squares of the elements in the matrix of 
monomials 𝑇 (𝑋𝑋𝑋𝑖), which matches the square root of the sum of its squared singular values, which correspond to the eigenvalues of 
its Gram matrix. The Schatten feature refers to the Schatten norm ‖𝑀𝑀𝑀‖𝑝 =

(

∑𝜉
𝑘=2 𝜎

𝑝
𝑘

)1∕𝑝
 for 𝑝 = 1 where 𝜎𝑘 is the 𝑘th singular value 

satisfying 𝜎𝑘 =
√

𝜌𝑘, leading to ‖𝑀𝑀𝑀‖𝑝=1 =
∑𝜉

𝑘=2
√

𝜌𝑘. In the equation of the normalized eigenentropy ̂𝜌𝑘 = (𝜌2 +⋯ + 𝜌𝜉 )−1𝜌𝑘.
The polynomial features described in Table 2 involve the polynomial evaluation and coefficients to characterize the geometry of 

the neighborhood. The absolute and squared algebraic distances can be used to measure how well the neighborhood fits a general 
implicit quadratic polynomial model. On top of that, the norms involving the coefficients of the monomials (which include the absolute 
value of the bias term) characterize the neighborhood by quantifying the contribution of the different subsets of the monomials (e.g., 
those of the linear terms or the squares) to the polynomial model.

The differential features described in Table 3 involve the gradient and the Hessian of the quadratic polynomial model. Note that 
many of these features can be computed as closed-form expressions directly from the coefficients of the fit polynomial. For example, 
the Laplacian is simply 2(𝑣7𝜉 + 𝑣8𝜉 + 𝑣9𝜉 ), the Frobenius of the Hessian is given by 

√

4𝑣27𝜉 + 4𝑣28𝜉 + 4𝑣29𝜉 + 2𝑣24𝜉 + 2𝑣25𝜉 + 2𝑣26𝜉 , and the 
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Table 2 
Second-order geometric features based on the generalized eigenvalues of the quadric fit and the 
quadratic polynomial model.
 Eigenvalue feature  Equation  Polynomial feature  Equation
 Quadratic deviation

(

∑𝜉
𝑘=2 𝜌𝑘

)−1
𝜌𝜉  Absolute algebraic distance |𝑇 (𝑥𝑥𝑥𝑖∗)⊺𝑣𝑣𝑣∗𝜉 |

 Eigensum ∑𝜉
𝑘=2 𝜌𝑘  Squared algebraic distance (𝑇 (𝑥𝑥𝑥𝑖∗)⊺𝑣𝑣𝑣∗𝜉 )2

 Eigenentropy −
∑𝜉

𝑘=2 𝜌𝑘 ln(𝜌𝑘)  Coefficient’s norm ‖𝑣𝑣𝑣∗𝜉‖

 Omnivariance
(

∏𝜉
𝑘=2 𝜌𝑘

)1∕(𝜉−1)  Linear norm ‖(𝑣1𝜉 , 𝑣2𝜉 , 𝑣3𝜉 )‖
 Hypersphericity 𝜌−12 𝜌𝜉  Normalized linear norm ‖𝑣𝑣𝑣∗𝜉‖−1‖(𝑣1𝜉 , 𝑣2𝜉 , 𝑣3𝜉 )‖
 Hyperanisotropy 𝜌−12 (𝜌2 − 𝜌𝜉 )  Cross norm ‖(𝑣4𝜉 , 𝑣5𝜉 , 𝑣6𝜉 )‖
 Squared spectral 𝜌2  Normalized cross norm ‖𝑣𝑣𝑣∗𝜉‖−1‖(𝑣4𝜉 , 𝑣5𝜉 , 𝑣6𝜉 )‖

 Frobenius
√

∑𝜉
𝑘=2 𝜌𝑘  Square norm ‖(𝑣7𝜉 , 𝑣8𝜉 , 𝑣9𝜉 )‖

 Schatten ∑𝜉
𝑘=2

√

𝜌𝑘  Normalized square norm ‖𝑣𝑣𝑣∗𝜉‖−1‖(𝑣7𝜉 , 𝑣8𝜉 , 𝑣9𝜉 )‖
 Normalized eigenentropy −

∑𝜉
𝑘=2 𝜌𝑘 ln(𝜌𝑘)  Degree-2 norm ‖(𝑣4𝜉 ,… , 𝑣9𝜉 )‖

 Normalized degree-2 norm ‖𝑣𝑣𝑣∗𝜉‖−1‖(𝑣4𝜉 ,… , 𝑣9𝜉 )‖
 Absolute bias |𝑣10,𝜉 |

Table 3 
Second-order geometric features based on the derivatives of the quadratic polynomial model.
 Differential feature  Equation  Differential feature  Equation

 Laplacian 𝜕2𝑔
𝜕𝑥2

+
𝜕2𝑔
𝜕𝑦2

+
𝜕2𝑔
𝜕𝑧2

 Mean quadratic deviation 𝑚−1
𝑖

𝑚𝑖
∑

𝑗=1

(

∇𝑔(𝑥𝑥𝑥𝑖∗)⊺(𝑥𝑥𝑥𝑗∗ − 𝑥𝑥𝑥𝑖∗)
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖

)2

 Gradient norm ‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖  Min projected gradient (minpg) min {|𝑢𝑢𝑢⊺∗𝑘∇𝑔(𝑥𝑥𝑥𝑖∗)|}
3
𝑘=1

 Max projected gradient (maxpg) max {|𝑢𝑢𝑢⊺∗𝑘∇𝑔(𝑥𝑥𝑥𝑖∗)|}
3
𝑘=1  Normalized minpg min

{

|𝑢𝑢𝑢⊺∗𝑘∇𝑔(𝑥𝑥𝑥𝑖∗)|
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖

}3

𝑘=1

 Normalized maxpg max

{

|𝑢𝑢𝑢⊺∗𝑘∇𝑔(𝑥𝑥𝑥𝑖∗)|
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖

}3

𝑘=1

 Saddleness −(∗)−1∗

 Projected gradient norm (PGN) ‖𝑈𝑈𝑈 ⊺
2D∇𝑔(𝑥𝑥𝑥𝑖∗)‖  Normalized PGN ‖

‖

‖

‖

‖

𝑈𝑈𝑈 ⊺
2D∇𝑔(𝑥𝑥𝑥𝑖∗)
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖

‖

‖

‖

‖

‖

 Gradient axis curvature (GAC) |∇𝑔(𝑥𝑥𝑥𝑖∗)⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)∇𝑔(𝑥𝑥𝑥𝑖∗)|  Normalized GAC |∇𝑔(𝑥𝑥𝑥𝑖∗)⊺HHH𝑔(𝑥𝑥𝑥𝑖∗)∇𝑔(𝑥𝑥𝑥𝑖∗)|
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖2

 Absolute quadraticity
|

|

|

|

|

det
(

𝐷
(

∇𝑔(𝑥𝑥𝑥𝑖∗)
‖∇𝑔(𝑥𝑥𝑥𝑖∗)‖

))

|

|

|

|

|

 Hessian Frobenius ‖HHH𝑔(𝑥𝑥𝑥𝑖∗)‖F

 Hessian absolute determinant |

|

|

det
(

HHH𝑔(𝑥𝑥𝑥𝑖∗)
)

|

|

|

absolute determinant of the Hessian matrix is |8𝑣7𝜉𝑣8𝜉𝑣9𝜉 + 2(𝑣4𝜉𝑣5𝜉𝑣6𝜉 − 𝑣24𝜉𝑣9𝜉 − 𝑣25𝜉𝑣8𝜉 − 𝑣26𝜉𝑣7𝜉 )|. The saddleness inside the interval 
[−1, 1] is computed from the minimum ℎ∗ and maximum ℎ∗ eigenvalues of the Hessian matrix, dividing the one with the lowest 
absolute value ∗ = arg minℎ∈{ℎ∗ ,ℎ∗} |ℎ| by that with the highest one ∗ = arg maxℎ∈{ℎ∗ ,ℎ∗} |ℎ|. Note that we take the eigenvalues, 
not their absolute values, and then multiply by (−1) to have saddle points in the positive side of the interval. Thus, saddleness will 
be positive if 𝑥𝑥𝑥𝑖∗ is a saddle point, with a maximum value of one corresponding to a symmetric saddle point, i.e., one with principal 
curvatures of equal magnitude. Negative values quantify how far 𝑥𝑥𝑥𝑖∗ is from being a saddle point. The rationale is that a saddle point 
must have a Hessian with some negative and some positive eigenvalues, which for our saddleness feature implies values greater than 
zero. If these are equal in magnitude, the final value will be one (the maximum value).

Recall the Gauss map explained in Section 2.3. When computed as the matrix of partial derivatives instead of a directional 
derivative, its determinant allows us to classify a point in a regular surface. When the determinant is positive, the point is said to be 
elliptic; if it is negative, the point is said to be hyperbolic [33, see pp. 178–186]. In our case, the sign ambiguity of fitting polynomial 
models as eigenvalue problems forces us to consider the absolute value of the determinant, and thus we have the absolute quadraticity. 
Many other differential features can be seen as projections of the gradient or the Hessian on alternative directions to the principal 
curvatures. When using 𝑈𝑈𝑈2D ∈ ℝ3×2 to project the gradient, note that it refers to the basis matrix with the eigenvectors associated 
with the two maximum eigenvalues from the linear model.

Finally, the curvature features described in Table 4 involve the principal curvatures of the quadratic polynomial model. Due to the 
previously explained sign ambiguity of the eigenvalue-based fit of an algebraic model, some of these features, like the Gaussian, mean, 
and root mean squared curvatures, use absolute or squared values. This modeling decision allows us to deal with the impossibility of 
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Table 4 
Second-order geometric features based on the principal curvatures of the quadratic polynomial 
model.

 Curvature feature  Equation  Curvature feature  Equation
 Gaussian curvature |𝜅∗𝜅∗

|  Mean curvature |𝜅∗ + 𝜅∗
|

2 Max absolute curvature max{|𝜅∗|, |𝜅∗
|}  Min absolute curvature min{|𝜅∗|, |𝜅∗

|}
 Full umbilic deviation 𝜅∗ − 𝜅∗  Umbilicality exp(𝜅∗ − 𝜅∗)

 Gaussian umbilicality exp(−(𝜅∗ − 𝜅∗)2)  Shape index 2
𝜋

|

|

|

|

|

arctan
(

𝜅∗ + 𝜅∗
𝜅∗ − 𝜅∗

)

|

|

|

|

|

 Root mean squared curvature
√

(𝜅∗)2 + (𝜅∗)2

2

distinguishing when our surface is looking upwards or downwards in a universal way. Features measuring the umbilicity of a point 
are based on the definition of umbilic points, i.e., those whose principal curvatures are the same. In our case, the umbilic deviation 
will be zero for umbilic points and will be greater than zero the less umbilic a point is. For umbilicality, umbilic points will take a 
value of one, and non-umbilic points will go farther from one the less umbilic a point is. For Gaussian umbilicality, umbilic points 
have a value of one, and other points have a value closer to zero, the less umbilic they are.

3.  Validation framework

In this section, we introduce the evaluation framework to assess the quality of the TW algorithm. First, we study the theoretical 
error and correlations with respect to analytical solutions and other approaches. Then, we perform experiments with scientific datasets 
for object part segmentation and large-scale semantic scene segmentation. Finally, we quantify the speedup of an open-source C++ 
implementation on the CESGA FinisTerrae-III supercomputer to analyze the algorithm’s scalability.

3.1.  Theoretical evaluation

For the theoretical evaluation of our algorithm we use Sagemath [34] to derive the mean and Gaussian curvatures from parametric 
surface models 𝜙𝜙𝜙(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣)). We do this by computing the normal vector as shown in Eq. (9). Then we obtain the 
first and second fundamental forms 𝐹𝐹𝐹 1,𝐹𝐹𝐹 2 ∈ ℝ2×2 using the expressions in Eq. (10) and compute the principal curvatures 𝜅1, 𝜅2 as 
the eigenvalues of 𝐹𝐹𝐹−1

1 𝐹𝐹𝐹 2. Finally, we derive the Gaussian curvature as 𝐾 = 𝜅1𝜅2 and the mean curvature as 𝐻 = 2−1(𝜅1 + 𝜅2).

𝑛𝑛𝑛 =
‖

‖

‖

‖

𝜕𝜙𝜙𝜙
𝜕𝑢

×
𝜕𝜙𝜙𝜙
𝜕𝑣

‖

‖

‖

‖

−1( 𝜕𝜙𝜙𝜙
𝜕𝑢

×
𝜕𝜙𝜙𝜙
𝜕𝑣

)

(9)

𝐹𝐹𝐹 1 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜕𝜙𝜙𝜙
𝜕𝑢

⊺ 𝜕𝜙𝜙𝜙
𝜕𝑢

𝜕𝜙𝜙𝜙
𝜕𝑢

⊺ 𝜕𝜙𝜙𝜙
𝜕𝑣

𝜕𝜙𝜙𝜙
𝜕𝑢

⊺ 𝜕𝜙𝜙𝜙
𝜕𝑣

𝜕𝜙𝜙𝜙
𝜕𝑣

⊺ 𝜕𝜙𝜙𝜙
𝜕𝑣

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐹𝐹𝐹 2 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑛𝑛𝑛⊺
𝜕2𝜙𝜙𝜙
𝜕𝑢2

𝑛𝑛𝑛⊺
𝜕2𝜙𝜙𝜙
𝜕𝑢𝜕𝑣

𝑛𝑛𝑛⊺
𝜕2𝜙𝜙𝜙
𝜕𝑢𝜕𝑣

𝑛𝑛𝑛⊺
𝜕2𝜙𝜙𝜙
𝜕𝑣2

⎤

⎥

⎥

⎥

⎥

⎦

(10)

We compare the TW algorithm with PCA to quantify its improvement over a naive approach that does not compensate for the 
algebraic distance bias. We also compare it against SVD to see if it is a better alternative than a numerically more stable method for the 
naive strategy. Finally, we compare our method with the one implemented in the open-source scientific software Cloud Compare (CC) 
for the mean and Gaussian curvatures [35]. This method is based on the work of Zvi Har’el [36]. It assumes that, in an appropriate 
basis, the neighborhood of a point in the surface can be expressed in Monge’s form 𝑧 = 𝑧(𝑥, 𝑦). Then it computes the curvatures from 
the partial derivatives of an osculating paraboloid.

We conduct comparisons considering the following varieties: sphere, ellipsoid, one-sheet hyperboloid, hyperbolic paraboloid, 
elliptical cylinder, toroid, and catenoid. We quantify the absolute errors at each point and aggregate them to calculate the mean 
absolute error (MAE) and median absolute error (MeAE). Additionally, we compute the Pearson [37] and Spearman [38] corre-
lation coefficients to assess the linear and monotonic correlations between the curvature estimates and the theoretical values. Note 
that we exclude constant values, like the curvatures of a sphere, from the correlations.

The errors and the correlations are also evaluated for different levels of Gaussian noise. More concretely, we consider a Gaussian 
random variable 𝑑 ∼  (0, 𝜎2) to represent the distance of a translation along the direction given by the normalized gradient. Thus, 
each point 𝑥𝑥𝑥 ∈ ℝ3 of the variety is translated to 𝑥𝑥𝑥′ = 𝑥𝑥𝑥 + 𝑑𝑛𝑛𝑛, where 𝑛𝑛𝑛 ∈ ℝ3 is the normalized gradient vector as given in Eq. (9). We 
repeat the process considering different standard deviations 𝜎 ranging from 10−5 to 1.

3.2.  Experimental evaluation

We evaluate point-wise classification tasks using Random Forest and computing the geometric features in multiscale spherical 
neighborhoods. More concretely, we evaluate object-part segmentation and large-scale semantic scene segmentation. For each exper-
iment, we quantify the Overall Accuracy (OA), Precision (P), Recall (R), F1-score (F1) [39], and Intersection-over-Union (IoU) [40]. 
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We also calculate their weighted versions to account for class imbalance. Additionally, we include Matthew’s Correlation Coefficient 
(MCC) [41] and Cohen’s Kappa score (𝜅) [42].

For the task of object-part segmentation, we use eight of the largest datasets from the ShapeNet Part benchmark [43]: 1) Airplane 
with wing, body, tail, and engine classes; 2) car with wheel, hood, and roof classes; 3) motorbike with wheel, handle, gas tank, light, 
and seat classes; 4) chair with leg, arm, back, and seat classes; 5) guitar with head, body, and neck classes; 6) lamp with canopy, 
lampshade, and base classes; 7) knife with handle and blade classes; and 8) pistol with trigger and guard, handle, and barrel classes.

For large-scale semantic scene segmentation, we consider the ALS dataset DALES [44]. This dataset covers 10 km2 in the city 
of Dayton (Ohio, USA) with approximately 505 million points and includes eight different classes: ground (impervious surfaces and 
grass), vegetation (trees, shrubs, hedges, and bushes), car, truck, power line, pole (power line poles, light poles, and transmission 
towers), fence (residential fences and highway barriers), and building (houses, high-rises and warehouses). We compute the evaluation 
metrics globally and also the F1 separately for each class, allowing us to assess which objects benefit more from second-order geometric 
descriptors.

3.3.  Feature analysis

We conduct an ablation study on the features and a sensitivity analysis of their importance as a function of the numerical param-
eters of the TW algorithm. For the ablation study, we consider the chair, pistol, motorbike, and car point clouds of the ShapeNet 
Part benchmark. In these experiments, the second-order geometric features are sorted from most to least important. The object-part 
segmentation task is repeated using one to eleven features per neighborhood with four multi-scale spherical neighborhoods, i.e., 4 to 
44 features in total.

For the sensitivity analysis, we follow a ceteris paribus strategy and explore two different cases. First, we change the eigenthreshold 
parameter 𝜖 governing the degeneracy check while keeping everything else constant. Then, we change the Tikhonov regularization 
parameter 𝜏 while keeping everything else constant (including the threshold for the degeneracy check). In doing so, the importance 
of second-order geometric features is aggregated across the categories introduced in Section 2.5. The large-scale ALS DALES dataset 
is used for these experiments. The features are computed in five multi-scale spherical neighborhoods.

3.4.  Scalability analysis

Algorithms designed for 3D point clouds acquired by laser scanning or photogrammetry must be capable of handling massive 
datasets comprising millions of points. Therefore, they must be able to reduce their runtime by increasing the number of cores. 
Otherwise, they are not well-suited for real-world applications due to their lack of scalability. We conduct numerous experiments 
with varying numbers of cores on the HPC nodes of the FinisTerrae-III supercomputer 1. These nodes have an Intel Xeon Ice Lake 
8352Y CPU with 32 cores at 2.2GHz, along with 256GB of RAM. Measuring the runtimes enables us to derive the speedup as 𝑡−1𝑐 𝑡1
where 𝑡1 ∈ ℝ>0 is the runtime of the sequential execution and 𝑡𝑐 ∈ ℝ>0 is the runtime when using 𝑐 cores. We compute each experiment 
five times and take the mean value to have a robust representation of the runtime.

4.  Results and discussion

In this section, we discuss the results from the theoretical validation, the experiments on point-wise classification datasets, and 
the scalability analysis.

4.1.  Theoretical error and correlations

The theoretical error quantifications are presented in Table 5. These results clearly show that correcting the algebraic distance bias 
is more important than merely improving the numerical stability, as both PCA and SVD yield similar results and perform significantly 
worse than TW. Compared to the CC implementation, the TW algorithm produces similar or even better estimations for surface 
curvatures, depending on the case. The correlations in Table 6 confirm that, in our experiments, the surface curvature estimations of 
TW have systematically stronger linear and monotonic correlations than those of the other methods.

Fig. 2 represents the point-wise estimations of the mean curvature for the different methods considered in our experiments. It 
can be observed that PCA and SVD both produce unreliable estimations, while TW and CC are visually very similar. Nevertheless, in 
some cases, the TW algorithm offers some improvements over CC. For example, in the case of the hyperbolic paraboloid, the overall 
behavior of the mean curvature from TW is smoother than that from CC. The latter has a sharp transition as we move from the center 
to the extremes. This pattern is likely to happen because the parametric model of the hyperbolic paraboloid increases the separation 
between points at different rates depending on the direction as we move further from the center. Therefore, the estimated basis 
where the osculating paraboloid in Monge’s form must be computed becomes problematic in these neighborhoods. For the toroid, 
the TW algorithm slightly overestimates the minimum mean curvature region near the center of the torus. However, it consistently 
outperforms the CC approach, which might be suffering from a basis-related bias again. This bias leads to overestimating the minimum 
curvatures when the points lie in subspaces passing through the torus center in directions nearly aligned with the canonical basis.

1 FinisTerrae-III online documentation https://cesga-docs.gitlab.io/ft3-user-guide/overview.html

Journal of Computational and Applied Mathematics 485 (2026) 117569 

10 

https://cesga-docs.gitlab.io/ft3-user-guide/overview.html


A.M. Esmorís et al.

Table 5 
Theoretical error quantification in terms of mean absolute error (MAE) and median absolute error (MeAE). The minimum 
error is highlighted in bold for each variety-curvature pair.

 CC  TW  PCA  SVD
Variety  Curvature  MAE  MeAE  MAE  MeAE  MAE  MeAE  MAE  MeAE

Sphere
 Gaussian  0.0783  0.0647  0.0663  0.0523  0.9099  0.9702  0.9099  0.9704
 Mean  0.0393  0.0320  0.0328  0.0264  0.7789  0.8272  0.7789  0.8279

Ellipsoid
 Gaussian  0.0490  0.0271  0.0299  0.0226  0.7056  0.6179  0.7056  0.6180
 Mean  0.0292  0.0186  0.0185  0.0145  0.7362  0.6992  0.7362  0.6992

One-sheet
hyperboloid

 Gaussian  0.0504  0.0388  0.0115  0.0077  0.1540  0.1539  0.1540  0.1540
 Mean  0.0581  0.0271  0.0072  0.0056  0.2475  0.2128  0.2474  0.2127

Hyperbolic
paraboloid

 Gaussian  0.0311  0.0198  0.0159  0.0135  498.5807  0.3619  556.5291  0.3614
 Mean  0.0232  0.0088  0.0117  0.0100  14.8054  0.3952  15.1556  0.3941

Elliptical
cylinder

 Gaussian  0.0434  0.0355  0.0020  0.0015  0.0093  0.0045  0.0093  0.0045
 Mean  0.1132  0.0749  0.0186  0.0159  0.3229  0.3577  0.3229  0.3574

Toroid
 Gaussian  0.2813  0.2246  0.1975  0.1018  46.5025  0.6366  47.2577  0.6371
 Mean  0.1741  0.1178  0.0674  0.0635  1.4137  0.5425  1.4203  0.5425

Catenoid
 Gaussian  0.0260  0.0173  0.0203  0.0173  3245.8689  0.3067  5227.0772  0.3045
 Mean  0.0299  0.0140  0.0228  0.0176  24.2118  0.7353  26.6470  0.7322

Table 6 
Theoretical correlations in terms of Pearson (𝑟) and Spearman (𝜌) coefficients. The highest correlation is highlighted 
in bold for each variety-curvature pair.

 CC  TW  PCA  SVD
Variety  Curvature 𝑟 𝜌 𝑟 𝜌 𝑟 𝜌 𝑟 𝜌

Ellipsoid
 Gaussian  0.9798  0.9833  0.9929  0.9872  0.6585  0.6298  0.6586  0.6300
 Mean  0.9795  0.9847  0.9925  0.9878  0.6999  0.6498  0.7001  0.6509

One-sheet
hyperboloid

 Gaussian  0.9867  0.9862  0.9987  0.9963  0.9749  0.8750  0.9749  0.8747
 Mean  0.9633  0.9792  0.9995  0.9981  0.8533  0.6031  0.8532  0.6029

Hyperbolic
paraboloid

 Gaussian  0.9994  0.9978  0.9998  0.9994 -0.0307  0.5064 -0.0215  0.5067
 Mean  0.9565  0.9606  0.9917  0.9920  0.0281  0.3363  0.0231  0.3373

Elliptical cylinder  Mean  0.7887  0.5706  0.9912  0.9961  0.9391  0.8826  0.9390  0.8827

Toroid
 Gaussian  0.9493  0.9520  0.9903  0.9969  0.0683  0.8580  0.0681  0.8582
 Mean  0.8772  0.8554  0.9925  0.9951 -0.0900  0.3327 -0.0900  0.3329

Catenoid  Gaussian  0.9931  0.9770  0.9981  0.9968 -0.0022  0.5147  0.0116  0.5168

The errors and correlations for different levels of Gaussian noise are represented in Fig. 3. In general, the TW algorithm is robust 
to noise in the studied varieties up to standard deviations of about 𝜎 = 10−2. At this level of noise, a few points may exhibit abnormal 
values, but, in general, most point-wise curvature estimations remain reliable in terms of error and correlation quantifications. 
Visually, the distribution of values remains consistent. The noise becomes problematic at some point between 𝜎 = 10−2 and 𝜎 = 10−1.

The state-of-the-art laser-scanning simulator HELIOS++ [45] handles noise by adding a Gaussian-distributed random variable 
to the simulated range measurement. This method is similar to our theoretical approach, which applies a Gaussian random variable 
along the gradient direction at each point in the discrete representation of the studied varieties. On the one hand, typical values for 
TLS simulations include 𝜎 = 0.005 (RIEGL VZ-400) or 𝜎 = 0.008 meters (RIEGL VZ-1000, RIEGL VQ-450). These scanners produce 3D 
point clouds that are close to our theoretical experiments, as their geometric information is fine-grained enough to enable analysis 
of small spherical neighborhoods with subunitary radii, which matches the radius 𝑟 = 0.4 used in our theoretical quantifications. 
On the other hand, ALS simulations often use higher standard deviations, such as 𝜎 = 0.01 (Optech ALTM 2033), 𝜎 = 0.02 (LIVOX 
Mid-70), or 𝜎 = 0.05 meters (LEICA ALS50). In these cases, the radii of the spherical neighborhoods are often greater than one, as the 
geometric information is significantly less fine-grained than for terrestrial point clouds. Consequently, we argue that the TW algorithm 
is well-suited for practical applications with real noise. This claim is also supported by the empirical experiments conducted on real 
data.

Furthermore, we explore the relationship between the radius of the spherical neighborhood and the MeAE for realistic noise 
conditions with 𝜎 = 0.01 and 𝜎 = 0.05. The results of our analysis are represented in Fig. 4. In general, we observe that considering 
larger neighborhoods helps overcome noise-induced problems in the computation of second-order geometric descriptors. For the 
particular case of 𝜎 = 0.05, the geometric quantifications that are inconsistent when using a radius 𝑟 = 0.4 (see Fig. 3) become more 
stable and much closer to what is expected when using 𝑟 = 1.0. Numerically speaking, comparing 𝑟 = 0.55 to 𝑟 = 0.4 for 𝜎 = 0.01
reduces the MeAE to a 47.42% of the original error for the hyperbolic paraboloid, increases to a 164.87% for the toroid, reduces to a 
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Fig. 2. Visualization of the mean curvature computed with SageMath (reference), CloudCompare, Taubin-Weingarten, PCA, and SVD. The color 
map uses blue for the lowest values and red for the highest ones with intermediate values in green. All the results are colored with the color map 
of the reference case.

42.70% for the one-sheet hyperboloid, and 48.63% for the catenoid. Considering 𝜎 = 0.05 and comparing 𝑟 = 1.0 to 𝑟 = 0.4, the MeAE 
is reduced to a 8.84% for the hyperbolic paraboloid, 39.26% for the toroid, 9.25% for the one-sheet hyperboloid, and 16.28% for the 
catenoid.

4.2.  Point-wise classification

The point-wise classification experiments clearly demonstrate that using second-order geometric descriptors, especially when 
combined with first-order geometric descriptors, consistently yields better results than the typical approach based solely on first-
order geometric features. This improvement holds for both object part segmentation and large-scale semantic scene segmentation 
tasks.

4.2.1.  Object part segmentation
The quantitative results of object part segmentation on the ShapeNet Part benchmark are summarized in Table 7. The combination 

of first and second-order geometric descriptors leads to better results in terms of F1 and IoU for all objects. Moreover, it is also clear 
that using second-order geometric descriptors alone leads to better results than using only first-order geometric features. These 
results suggest that the descriptive power of second-order geometric descriptors both outperforms and complements that of first-
order geometric features. The difference between the worst (first-order) and best (hybrid) models in terms of F1 ranges from 1.59%
and 2.57% for the knife and guitar cases to 9.55% and 9.99% for the motorbike and pistol cases.

Fig. 5 allows for qualitative comparison of object part segmentation results in representative examples. It shows one case for each 
type of object, representing each part with a different color. In general, the hybrid model yields fewer misclassified points than the 
first-order model. This visualization, together with the quantifications in Table 7, suggests that incorporating second-order geometric 
features into machine learning models enhances the point-wise classification of objects. This result is important because ground and 
buildings are often adequately addressed with current models based on first-order geometric features. However, comparatively small 
objects are still problematic. In other words, second-order geometric descriptors tackle the problem of small and scarcely represented 
objects (compared to the most frequent classes), which is especially relevant for large-scale semantic scene segmentation.
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Fig. 3. Visualization of the mean and Gaussian curvatures computed with the Taubin-Weingarten algorithm under different normal noise conditions. 
The top row represents the mean absolute error (MAE) and the root mean squared error (RMSE). The mid row represents the Pearson and Spearman 
correlation coefficients. The bottom row shows the point-wise curvatures for different values of sigma, from blue (low) to red (high). The radius of 
the point-wise spherical neighborhoods is 𝑟 = 0.4 for all cases.

Fig. 4. Visualization of the median absolute error (MeAE) as a function of the spherical neighborhood radius under normal noise conditions with 
𝜎 ∈ {10−2, 5 ⋅ 10−2}. The vertical dashed line represents the radius corresponding to the minimum average error considering the six studied varieties. 
The geometries on the right side represent the mean and Gaussian curvatures computed by the Taubin-Weingarten algorithm using the radius that 
minimizes the average error.
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Table 7 
Comparison between first and second-order geometric descriptors for object part segmentation with Random Forest on the 
ShapeNet Part benchmark. The highest score for each dataset is highlighted in bold.

 Scores (%)
 Dataset  Model  OA  P  R  F1  IoU  wP  wR  wF1  wIoU  MCC 𝜅𝜅𝜅

Airplane
 RF 1st order  86.16  84.45  82.50  83.42  71.80  86.10  86.16  86.10  75.78  78.53  78.52
 RF 2nd order  87.85  86.71  84.22  85.39  74.72  87.80  87.85  87.79  78.39  81.12  81.09
 RF hybrid  89.19  88.36  86.21  87.23  77.50  89.16  89.19  89.15  80.53  83.22  83.21

Car
 RF 1st order  93.17  92.90  91.26  92.04  85.59  93.13  93.17  93.12  87.36  87.71  87.67
 RF 2nd order  96.11  95.77  94.88  95.31  91.12  96.10  96.11  96.09  92.54  93.02  93.01
 RF hybrid  96.08  96.02  94.83  95.41  91.32  96.07  96.08  96.06  92.49  92.96  92.94

Motorbike
 RF 1st order  81.11  71.90  55.00  59.60  47.04  79.27  81.11  79.08  68.54  56.85  55.41
 RF 2nd order  84.18  81.43  58.40  63.45  50.75  83.26  84.18  81.99  72.67  64.44  62.96
 RF hybrid  85.93  82.89  63.68  69.15  56.15  85.16  85.93  84.49  75.51  68.81  67.74

Chair
 RF 1st order  74.71  69.96  67.30  68.19  53.10  74.59  74.71  74.54  59.67  61.79  61.75
 RF 2nd order  82.31  78.53  70.92  73.09  59.89  82.23  82.31  82.00  70.05  73.13  73.07
 RF hybrid  82.63  79.14  74.70  76.38  63.11  82.61  82.63  82.48  70.45  73.68  73.60

Guitar
 RF 1st order  94.26  90.92  89.05  89.87  82.07  94.18  94.26  94.15  89.37  86.76  86.64
 RF 2nd order  94.13  91.69  89.25  90.32  82.70  94.07  94.13  94.00  89.03  86.44  86.27
 RF hybrid  95.50  93.44  91.60  92.44  86.19  95.47  95.50  95.44  91.50  89.65  89.57

Lamp
 RF 1st order  88.19  73.33  59.32  63.19  51.70  87.38  88.19  87.54  79.74  59.52  59.11
 RF 2nd order  89.61  81.18  59.35  64.17  53.13  88.93  89.61  88.83  81.64  63.77  63.04
 RF hybrid  90.37  79.27  62.14  66.84  55.62  89.76  90.37  89.79  82.94  67.01  66.54

Knife
 RF 1st order  82.90  83.27  83.01  82.87  70.78  83.37  82.90  82.87  70.78  66.28  65.86
 RF 2nd order  84.00  84.32  84.05  83.97  72.39  84.37  84.00  83.97  72.39  68.37  68.02
 RF hybrid  84.52  84.91  84.55  84.46  73.25  84.96  84.52  84.47  73.26  69.46  69.03

Pistol
 RF 1st order  77.46  73.69  62.00  65.92  50.93  76.86  77.46  76.69  63.50  49.88  49.43
 RF 2nd order  82.11  81.39  68.15  72.92  58.68  81.92  82.11  81.28  69.48  60.09  59.03
 RF hybrid  83.13  82.90  71.53  75.91  62.10  82.95  83.13  82.53  71.06  62.70  61.94

Table 8 
Comparison between first and second-order geometric descriptors for semantic scene segmentation with Random 
Forest on the large-scale DALES dataset. The highest score is highlighted in bold.

 Scores (%)
 Model  OA  P  R  F1  IoU  wP  wR  wF1  wIoU  MCC 𝜅𝜅𝜅

 RF 1st order  94.35  64.10  78.13  68.07  58.23  95.18  94.35  94.64  90.25  90.89  90.85
 RF 2nd order  95.41  67.57  78.49  70.40  60.81  96.01  95.41  95.61  91.94  92.59  92.56
 RF hybrid  95.66  68.66  80.93  72.35  62.77  96.19  95.66  95.84  92.33  92.98  92.96

Table 9 
Class-wise scores of first and second-order geometric descriptors for semantic scene segmen-
tation with Random Forest on the large-scale DALES dataset. The highest score for each class 
is highlighted in bold.

 F1-score per class (%)
 Model  ground  veget.  car  truck  power  fence  pole  building
 RF 1st order  97.16  92.09  54.76  19.17  83.22  50.49  56.39  93.59
 RF 2nd order  97.71  93.74  62.12  19.55  84.57  50.95  61.85  94.82
 RF hybrid  97.87  93.77  64.54  24.97  85.75  53.74  64.89  95.41

4.2.2.  Large-scale semantic scene segmentation
The quantitative results from the global evaluation of the models in the DALES dataset for large-scale semantic scene segmentation 

are summarized in Table 8. The model with second-order geometric features alone improves the F1 and IoU in 2.33% and 2.58%
respectively, compared to the model with first-order geometric descriptors. The hybrid model outperforms the first-order model by 
4.28% in F1 and 4.54% in IoU. Analyzing the class-wise scores in Table 9 clarifies that the most significant improvements come 
from small objects like cars (9.78% better F1), trucks (5.80% better F1), and poles (8.50% better F1). These results agree with the 
expectations from the object part segmentation results in Section 4.2.1. Furthermore, the results of overrepresented classes also 
improve. More concretely, in terms of F1, the ground class improves 0.71% when using the hybrid model. The vegetation class 
improves 1.68% and the building class 1.82%. A qualitative visual inspection of the results is available in Fig. 6.
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Fig. 5. Visualization of the results of first, second-order, and hybrid models for object part segmentation on some examples of the ShapeNet Part 
benchmark. In the predictions, each part is represented with a different color. The error mask represents misclassified points in red color and 
correctly classified ones in light gray.

4.3.  Feature analysis

The features for each case in the ablation study are ordered by the feature importances derived from the Random Forest ensemble, 
without permutations. For the chair dataset, the five most important features are the gradient norm, the normalized GAC, the mean 
quadratic deviation, the Gaussian curvature, and the saddleness. For the pistol dataset, they are the mean quadratic deviation, the 
saddleness, the Laplacian, the shape index, and the gradient norm. For the motorbike dataset, they are the mean quadratic deviation, 
the saddleness, the Laplacian, the normalized GAC, and the gradient norm. For the car dataset, they are the normalized GAC, the 
gradient norm, the absolute algebraic distance, the shape index, and the Laplacian.

The impact of the number of features on the OA, F1, and MCC is depicted in Fig. 7. The best results are achieved with 8 to 11
features per neighborhood. As four multi-scale spherical neighborhoods are used, the total number of features lies between 32 and 
44. Both the importance of each feature and the model’s marginal improvement from adding new features depend strongly on the 
input geometries.
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Fig. 6. Visualization of the results of first, second-order, and hybrid models for large-scale semantic segmentation on the DALES dataset. The top 
row shows the predictions with each part represented using a different color. Note that there are no trucks in this example. The error mask in the 
bottom row represents misclassified points in red color and correctly classified ones in light gray.

Fig. 7. Results of the ablation study on second-order features only using the ShapeNet Part benchmark. The marker for each score is replaced by a 
circle at the maximum value. The black, dashed vertical line represents the minimum number of features required to achieve the best result.

Fig. 8. Results of the sensitivity analysis for the eigenthreshold and Tikhonov parameter on the DALES dataset. Feature importance is aggregated 
for each family of features according to the categories introduced in Section 2.5.

The impact of the numerical parameters governing the algorithm and the computed features is shown in Fig. 8. The sensitivity 
analysis of the eigenthreshold for the degeneracy check shows that once it becomes too high (𝜖 > 10−1), the curvature descriptors 
become less valuable and eventually reach zero feature importance. The main reason is that a high eigenthreshold implies that many 
local surfaces will be interpreted as linear varieties (typically planes embedded in 3D space, but also lines), even when they are not. 
In this case, there is no quadratic model, so any curvature information is null. The eigenvalue and polynomial features increase their 
importance consequently, but the model experiences a decrease of around 2.5% in terms of F1 when curvature features vanish.

Concerning the Tikhonov regularization parameter, the eigenvalue features are the ones that gradually vanish once it becomes 
too high (𝜏 > 10−1). The reason is that the Tikhonov regularization parameter lifts the eigenvalues, and if it is too big, it becomes 
impossible to distinguish reliable eigenvalues from numerical artefacts. In this scenario, differential and curvature features that rely 
on the eigenvectors can still be used, and their feature importance increases to compensate for the loss of eigenvalue-based geometric 
descriptors. In this case, the model experiences a decrease of around 9.5% in terms of F1.

The results of the sensitivity analysis suggest that both the Eigenthreshold and the Tikhonov regularization parameter should be set 
to be inside (0, 10−1]. The most common decimal encoding formats are 32-bit and 64-bit floating-point. Following the IEEE standard 
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Fig. 9. Results of the scalability analysis from one to 32 cores. Dashed lines show the runtime in seconds, solid lines show the speedup.

for floating-point arithmetic [46], 32-bit precision would correspond to the interval [10−7, 10−1] and 64-bit precision to [10−16, 10−1]. 
The empirical results shown in Fig. 7 support the recommendation to choose 𝜏 close to the machine epsilon (10−7 in our experiments 
with 32 bits) given in Section 2.2. In general, thresholds closer to the lowest value of the interval should be preferred over those 
closer to the highest value.

4.4.  Scalability measurements

The results of the scalability analysis are summarized in Fig. 9. The runtime (in seconds) and the speedup are represented for three 
different large-scale point clouds from the DALES dataset. The point clouds are 5080_54435 with 11, 345, 691 points, 5185_54485 with 
14, 539, 130 points, and 5110_54320 with 17, 747, 769 points. When using the maximum number of cores (32) in the Intel Xeon Ice Lake 
8352Y CPU, they achieve speedups 30.55, 30.41, and 30.29, respectively. Compared to the ideal speedup of 32, this is an outstanding 
result that corroborates the embarrassingly parallel nature of the TW algorithm.

5.  Conclusions

In this paper, we introduce the Taubin-Weingarten algorithm, a novel method to compute second-order geometric descriptors in 
3D point clouds. These new geometric features enhance the performance of machine learning models on object part segmentation 
and semantic scene segmentation by 1.59 − 9.99% F1, depending on the class. The most significant improvements occur in the critical 
case of small, underrepresented objects, such as cars or poles, which are less frequent than ground or vegetation. These small objects 
are challenging to handle when using classical machine learning models for point-wise classification, such as Random Forest with 
first-order geometric features, and they are especially important in practical applications.

On top of that, we quantify the theoretical error of the Gaussian and mean curvatures in mathematical varieties with respect to 
their analytical solutions derived from the parametric form. We find that the Taubin-Weingarten algorithm provides more accurate 
estimations of surface curvature than the simple PCA and SVD approaches. Moreover, it can yield even better results than some 
standard methods, as the algorithm to estimate the Gaussian and mean curvatures from a quadric fit in Monge’s form, which is 
implemented in the open-source scientific software Cloud Compare.

The theoretical noise analysis indicates that the proposed algorithm is robust enough to operate under the expected noise conditions 
of 3D point clouds. The ablation study conducted across different geometries shows that selecting 8 to 11 second-order geometric 
descriptors per neighborhood is sufficient to achieve successful generalization with machine learning models. Studying the sensitivity 
of the two numerical parameters of the proposed algorithm reveals that selecting values between 10−7 and 10−4 does not affect the 
quality of the geometric information, whereas significant problems arise for values above 10−1. The scalability analysis shows that our 
method achieves good speedups as the number of cores increases (systematically above 30 for 32 cores). Consequently, the Taubin-
Weingarten algorithm is well-suited to deal with dense 3D point clouds from real data acquisition campaigns, which often lead to 
large datasets in terms of surface area and point resolution.

There are two main limitations of our method. First, it is limited to offline 3D point cloud processing due to its high computational 
burden. Although the method achieves a significant speedup and can be computed within a reasonable time on modern hardware, 
many real-time systems lack the high-performance cores available in supercomputers and high-end PCs. Consequently, the method 
is not yet suitable for real-time 3D point cloud processing using embedded hardware. Second, the extreme numerical values that can 
arise in geometrically intricate neighborhoods pose challenges for machine learning models that perform numerical computations 
on input features. In our experiments, we used a random forest model that avoids arithmetic operations on the feature vectors and 
thus is robust to extreme numerical values. However, in its current form, the TW algorithm is likely problematic when used with 
numerically intensive models such as neural networks.
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Future work could extend the method to address its current limitations, for example, by switching from a point-wise to a leaf-wise 
paradigm. Moving the computation to one neighborhood per leaf of an advanced data structure, such as Octrees [47] or KDTrees [48], 
might lead to a significant performance improvement. Moreover, the proposed method could also be used as a feature extraction 
procedure within 3D geometric neural networks. These models are often based on hierarchical feature extraction architectures [49–
53] that differ in the feature extraction operator (e.g., MLPs, point convolutions, transformers). We hypothesize that the Taubin-
Weingarten algorithm could be used as a feature extractor for 3D geometric neural networks. In doing so, numerical stability must be 
carefully addressed, as a single NaN or a few extreme values could be enough to invalidate the computation of the loss function and, 
consequently, the gradient-based update of the weights. Custom regularization strategies will likely need to be developed as well.

Open-access software and data availability

All the scripts needed to reproduce the results are provided as open-source software at https://github.com/albertoesmp/twalg_
scripts. The C++ implementation of the algorithm is available in the open-source scientific software VirtuaLearn3D++ at https:
//doi.org/10.5281/zenodo.17911279. All the datasets used in this study are open-access and can be downloaded from their sources. 
We also provide two Jupyter notebooks for Sagemath that can be used to reproduce the reference values for the theoretical error 
quantifications and the robustness to noise experiments.

Data availability

The datasets are already open access. The code is available in a public repository as open-source scientific software.
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